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In the large-momentum effective field theory approach to parton physics, the matrix elements of
non-local operators of quark and gluon fields, linked by straight Wilson lines in a spatial direction, are
calculated in lattice quantum chromodynamics as a function of hadron momentum. Using the heavy-
quark effective theory formalism, we show a multiplicative renormalization of these operators at all
orders in perturbation theory, both in dimensional and lattice regularizations. The result provides
a theoretical basis for extracting parton properties through properly renormalized observables in
Monte Carlo simulations.
I. INTRODUCTION
One of the most important goals of quantum chromo-
dynamics (QCD) is to understand the hadron structure
from its fundamental degrees of freedom — quarks and
gluons. A powerful tool of obtaining such results is lattice
QCD, which has been used to study the static properties
of the hadron, such as mass, charge radius etc., to good
accuracy (see e.g. [1, 2]). However, in general it cannot be
used to directly access quantities with real-time depen-
dence. An example is the parton distribution functions
(PDFs), which are defined as the quark and gluon ma-
trix elements of light-cone correlations and describe the
momentum distribution of quarks and gluons inside the
hadron. They play a crucial role in understanding the
experimental data at high energy hadron colliders such
as the LHC. Lattice QCD can only be used to indirectly
extract the information of the PDFs by calculating their
moments [3, 4], which is limited by technical difficulties.
In the past few years, a new approach has been pro-
posed to study parton physics from lattice QCD, which
is now known as the large-momentum effective theory
(LaMET) [5, 6]. Here one starts from a time-independent
quasi-PDF, which is a matrix element of non-local quark
and gluon operators that can be directly calculated on
the lattice, and then uses it to extract the light-cone PDF
through a perturbative factorization up to power correc-
tions suppressed by the nucleon momentum. The factor-
ization in Refs. [5, 7] was given for the bare quark quasi-
PDF, where all fields and couplings entering the quasi-
distribution are bare ones. The ultraviolet (UV) physics
of the quasi-PDF is all factorized perturbatively into the
matching coefficients. However, lattice perturbation the-
ory is known to converge slowly, and non-perturbative
renormalization is often necessary to define a continuum
limit where the matching to parton physics is under bet-
ter control. Thus to make LaMETmore practical, a com-
plete understanding of UV divergences of the relevant
non-local operators is essential.
Renormalization of non-local operators in QCD has
not been well studied in the literature. A distinct fea-
ture of the LaMET non-local operators is the appearance
of Wilson lines connecting the parton fields at different
spacetime points to ensure gauge invariance. The renor-
malization of an open Wilson line as well as a closed
Wilson loop has been studied decades ago [8–10], where
it was shown that the Wilson line with a smooth sim-
ple contour can be renormalized, and in particular, the
power divergence associated with the Wilson line can be
absorbed into an exponential mass renormalization. In
an auxiliary field formalism [10], it was also shown that
the Wilson line can be replaced by a Green’s function
of the auxiliary field and studied as such. On the other
hand, the renormalization of non-local operators such as
the quasi-PDF has extra complications due to the par-
ton fields attached to the endpoints. We have shown
previously that the quasi-PDF is multiplicatively renor-
malizable in dimensional regularization up to two-loop
order [11]. The full renormalization properties of the
quasi-PDF has been conjectured in recent studies [12–17]
(for an earlier work on the renormalization of transverse-
momentum-dependent distributions with a similar con-
jecture, see [18]), but not proven.
In this paper, we perform a systematic study of the
renormalization of gauge-invariant non-local operators
for the quasi-PDF. We first present a general framework
by introducing an auxiliary “heavy quark” field into the
QCD Lagrangian, where the Wilson line can be replaced
by a product of the auxiliary fields. In analogy to heavy-
quark effective theory (HQET), we argue that this theory
is renormalizable to all orders in perturbation theory. By
taking the unpolarized quark quasi-PDF as an example,
we then show that its renormalization reduces to that of
two heavy-light quark currents, which can also be done to
all orders in perturbation theory. This removes the obsta-
cle to define a continuous quasi-PDF through lattice sim-
ulations. The same conclusion is not limited to the quark
quasi-PDF, but can also be generalized to the gluon ones,
as well as other non-local correlators, such as the Eu-
clidean observables defined in the LaMET framework to
extract the generalized parton distributions, transverse-
momentum-dependent distributions, hadron distribution
2amplitudes, etc.
II. EFFECTIVE QCD WITH AUXILIARY
“HEAVY-QUARK” FIELD
To be concrete, consider the following non-local oper-
ator
O(x, y) = ψ(x)ΓL(x, y)ψ(y), (1)
where ψ, ψ¯ denote the bare quark fields and Γ a Dirac
structure. L(x, y) is a path-ordered gauge link from y to
x,
L(x, y) = P exp
(
−ig
∫ 1
0
dλ
dzµ
dλ
Aµ(z(λ))
)
(2)
carrying a (3, 3¯) representation in color SU(3) group,
where the path is parametrized such that z(0) = y and
z(1) = x. The gauge link ensures gauge invariance of the
operator O(x, y). For a straight-line gauge link which is
of our main interest in the present paper, we can choose
zµ(λ) = yµ + ηλnµ with nµ a unit vector specifying the
direction and η the length of the gauge link.
To study the renormalization property of the above
operator, we introduce an “heavy quark” auxiliary field
(color source without spin degrees of freedom) Q with
color 3, and its conjugate Q, with color 3¯. We extend
QCD to include this “heavy quark” interaction with the
gluon field, and introduce the following Lagrangian
L = LQCD +Q(x)in ·DQ(x), (3)
whereDµ = ∂µ+igt
aAaµ is the covariant derivative in fun-
damental representation. For a real heavy quark or time-
like Wilson line, nµ is a timelike vector nµ = (1, 0, 0, 0),
whereas for a spacelike Wilson line nµ can be chosen as
nµ = (0, 0, 0, 1). We will focus on the latter case in the
following, although the discussion may go through for
any n. So long as there is a non-zero time component n0,
the “heavy quark” is dynamical, but follows a designated
world line.
In the above theory, we can replace the bilocal operator
O(x, y) by a new operator,
O(x, y) = ψ(x)ΓQ(x)Q(y)ψ(y). (4)
This can be seen as following. After integrating out the
“heavy quark” field, we have
∫
DQDQQ(x)Q(y)ei
∫
d4xL = SQ(x, y)e
i
∫
d4xLQCD(5)
up to a determinant det(in · D) which can be shown to
be a constant and absorbed into the normalization of the
generating functional [19], where SQ(x, y) satisfies
n ·DSQ(x, y) = δ
(4)(x− y), (6)
with the solution in the case of nµ = (0, 0, 0, 1)
SQ(x, y) = θ(x
z
− yz)δ(x0 − y0)δ(2)(~x⊥ − ~y⊥)L(x, y)
= θ(xz − yz)δ(x0 − y0)δ(2)(~x⊥ − ~y⊥)L(x
z, yz), (7)
under an appropriate boundary condition. In the fol-
lowing we will restrict to the case xz > yz without loss
of generality. The δ-functions ensure that the time and
transverse components of x and y are equal, and therefore
generate a spacelike Wilson line along the longitudinal di-
rection. The above result allows us to replace the Wilson
line L(xz , yz), which is the one appearing in the quasi-
PDF, by the product of two auxiliary heavy quark fields
Q(xz)Q(yz). The non-local operator in the quasi-PDF
then becomes the product of two composite operators in
Eq. (4).
III. RENORMALIZATION OF EFFECTIVE QCD
WITH “HEAVY QUARK” IN DIMENSIONAL
REGULARIZATION
Let us consider renormalization of the above effective
theory with a “heavy quark”. We will show that such a
theory can be renormalized perturbatively to all orders
in perturbation theory, first in dimensional regulariza-
tion where power divergences do not exist. The basic
argument is the same as the all-order proof of the renor-
malization for HQET, first presented in Ref. [20].
The standard proof of the renormalization of QCD
chooses the covariant gauge ∂µA
µ = 0, implemented in
the functional integrals with a gauge parameter ξ. To
recover a local theory after gauge fixing, one has to
introduce the color-octet ghost fields ca and c¯a. The
resulting theory has a residual global symmetry called
BRST symmetry. The Ward-Takahashi identities from
this symmetry are a key ingredient for showing the the-
ory is renormalizable to all-orders in perturbation theory
in the following sense: After absorbing all the infinities
into wave function renormalization factors of quark (Z1),
gluon (Z3), and ghost fields (Zc), and the multiplicative
renormalization of quark masses (Zm), gauge coupling
(Zg) and gauge fixing parameter (Zξ), Green’s functions
of the renormalized elementary fields are UV finite.
In HQET where the Lagrangian has a similar form as
Eq. (3) except that the vector nµ is timelike instead of
spacelike, it has been shown that to leading order in the
heavy quark mass the Green’s functions can be renor-
malized to all-orders in perturbation theory [20], where a
BRST invariance of the HQET Lagrangian was used. In
HQET, heavy quarks do not couple to heavy antiquarks,
hence no heavy quark loops can occur. This implies that
Green’s functions without external heavy quark legs can
be renormalized in the same way as in QCD. Only those
involving external heavy quark legs need to be considered
separately, which yield a new wave function renormaliza-
tion constant (ZQ). These Green’s functions include the
heavy-quark two-point function, the heavy-quark-gluon
3vertex and the heavy-quark-ghost vertex with one inser-
tion of composite operators coming from the BRST trans-
formation of the heavy quark field. All of them can be
shown to be UV finite with the help of Ward-Takahashi
identities under the given finite number of renormaliza-
tion factors in the HQET Lagrangian [20].
Note that the above arguments are valid indepen-
dent of whether the heavy quark field in the HQET
Lagrangian is defined by a timelike or spacelike vector.
Therefore, the statement about renormalizability of the
HQET in Ref. [20] shall also be true for our auxiliary
heavy quark Lagrangian with nµ = (0, 0, 0, 1) in Eq. (3).
In the case of light-cone vector, however, new divergences
appear due to light-cone singularities.
Local composite operators in this effective theory can
be renormalized using the standard approach. In partic-
ular, the heavy-light composite operators, such as
j(x) = ψ(x)ΓQ(x), (8)
acquires a divergent factor Zj (Note that j(x) now carries
a spinor index). In analogy to the Green’s functions, one
can show that the overall UV divergence of the insertion
of j¯(x) into Green’s functions is subtracted by Zj to all
orders of perturbation theory. Therefore, we can write
j = ZjjR where jR is a renormalized operator. The
calculation of its anomalous dimension has been worked
out in the HQET [21, 22]. For the auxiliary heavy quark
field, actually one can explicitly verify that at one-loop
in dimensional regularization (with D = 4− 2ǫ)
Zj = 1 +
αs
2πǫ
, (9)
which is the same as in HQET.
IV. RENORMALIZATION OF NON-LOCAL
OPERATORS IN DIMENSIONAL
REGULARIZATION
Now let us consider the renormalization of the non-
local operator, such as in Eq. (1), which appears in the
LaMET approach to parton physics. In the effective the-
ory, the non-local operator becomes a product of local
composite operators,
O(z2, z1) = j(z2)j(z1), (10)
after we replace the non-local Wilson line by the product
of two auxiliary “heavy quark” fields. This operator can
be multiplicatively renormalized by
O(z2, z1) = Zj¯ZjOR(z2, z1) (11)
to all orders in perturbation theory with Zj =
Z
1/2
q Z
1/2
Q ZVj , where Zq, ZQ, ZVj are the renormalization
constant for the light-quark, heavy-quark and vertex, re-
spectively.
Thus the renormalized operator becomes OR =
Z−1
j¯
Z−1j O(z2, z1). After integration over the “heavy
quark” field, we have
OR = Z
−1
j¯
Z−1j ψ(z2)ΓL(z2, z1)ψ(z1), (12)
where all fields on the r.h.s. are bare fields. In Ref. [11],
it has been shown that the quasi-PDF operator requires
the renormalization of virtual diagrams only, which is
equivalent to the result in Eq. (12) that we only need
renormalization of the heavy-light quark currents for the
operator O. In particular, the one-loop renormalization
factor for the quasi-PDF
ZO = 1 +
αs
πǫ
(13)
is consistent with the anomalous dimension of the heavy-
light quark current in Eq. (9). The same is true at the
two-loop order [11].
V. RENORMALIZATION OF NON-LOCAL
OPERATORS IN LATTICE REGULARIZATION
The HQET Lagrangian in Eq. (3) takes the infinite
heavy quark mass limit, therefore does not contain any
mass term. The mass correction to the heavy quark can
only receive power divergent contributions [23], which are
absent in dimensional regularization.
However, in UV cut-off regularizations such as the lat-
tice regularization, when going beyond leading-order per-
turbation theory, the self-energy of the heavy quark in-
troduces a linear divergence which has to be absorbed
into an effective mass counterterm,
δLm = −δmQQ (14)
with δm of O(1/a) with a the lattice spacing [23]. Al-
though lattice regularization breaks Lorentz symmetry
and introduces operator mixing, it is not a concern for
O(z2, z1) because there is no lower-dimension operator
that can mix with it in lattice QCD. In the HQET frame-
work, the appearance of the linear divergence is easy
to understand. Given that the heavy quark is infinitely
heavy, it behaves like a static color source, whose energy
will have a Coulomb-like form 1/r, and therefore will di-
verge linearly if the source is a pointlike particle. In our
auxiliary heavy quark Lagrangian, the physical picture as
a static color source is lost, whereas the removal of linear
divergence can be done essentially in the same way. Since
the linear divergence appears only in the self energy of
the auxiliary heavy quark, it can be absorbed into the
renormalization of the heavy quark mass as in Ref. [23].
Thus, the total heavy-quark Lagrangian now becomes
LQ = Q¯(in ·D − δm)Q. (15)
Note that the BRST invariance of the Lagrangian re-
quires a dependence of δm on the signature of n [10],
4which yields a vanishing δm for a lightlike nµ. In the
case of a spacelike nµ, δm in Eq. (15) is imaginary, we
can therefore write δm = iδm¯. After integrating over the
heavy fields, the renormalized operator becomes,
OR = Z
−1
j¯
Z−1j e
δm¯|z2−z1|ψ(z2)ΓL(z2, z1)ψ(z1). (16)
Thus there is a mass counterterm in the exponent which
has a z-dependence. After the mass renormalization,
there are at most logarithmic divergences which will be
canceled by counterterms from the Lagrangian or from
the renormalization of the heavy-light composite opera-
tor. The above renormaliztion form has been proposed
in a number of papers before [12–16, 18], but not proven.
It is worthwhile to point out that the explicit one-loop
calculation [13] in lattice regularization indeed shows
that the exponential mass renormalization in the form
of Eq. (16) cancels the linear divergence in the quasi-
PDF in Ref. [7] after a Fourier transform to momentum
space, where
δm¯ =
2παs
3a
. (17)
The renormalization presented above works the same
when z2 < z1.
VI. CONCLUSION
In this paper, we have shown the non-local operator in-
volving a spacelike Wilson line calculated in LaMET can
be renormalized multiplicatively to all-orders in pertur-
bation theory. Apart from the mass counterterm which
yields a z-dependent exponential, all the other renormal-
ization constants are independent of z and related to the
renormalization of the heavy-light current in the HQET.
This provides an important theoretical basis for defining
the continuum limit of the quasi-PDFs in lattice QCD,
which is necessary for precision calculations of parton
physics using the LaMET approach.
Note: When this article is being finalized, we learnt
that a similar consideration has been made by the DESY
group [24].
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